Life-cycle funds offer an intuitive approach to retirement investing. Despite their intuitive appeal, the empirical and theoretical support for life-cycle funds is mixed. We examine life-cycle funds using dynamic optimization techniques to evaluate the optimal asset allocation over the life cycle. In our modeling we introduce a utility function that accounts for the individual's taste for bearing risk and analyze the role of human capital on allocation decisions. The simulations generally support the use of target retirement date funds once human capital is taken into account. Investment fees, however, could potentially erode any increased asset levels that life-cycle funds create. Ultimately, an appropriate asset allocation depends on individuals' objectives and the opportunities available in financial markets.
Introduction
Life-cycle funds, sometimes referred to as target retirement date funds, which gradually decrease stock holdings with age, offer an intuitive approach to retirement investing. Households are told that at younger ages "you have many years to withstand market volatility, so you can benefit from investing in a high percentage of stocks."
1 In retirement, households are told that "your asset mix should now have a tilt towards
income." Figure 1 shows the asset allocations of life-cycle funds of four major fund providers. All show a similar pattern, with equity asset allocations declining from 90 percent around age 30 to 25-35 percent in retirement. This life-cycle strategy has considerable intuitive appeal. Although the return on stocks can be quite volatile in the short run, they outperform bonds in the long run.
Accordingly, the traditional view has favored substantial investments in equity for young savers who could benefit most from the growth in wealth offered by the appreciation of stocks. As people enter retirement, this view counsels the shifting of wealth into bonds, because retirees have a greater need for the relatively stable income provided by bonds.
Despite their intuitive appeal, the empirical and theoretical support for lifecycle funds is mixed. Suitable allocations of assets do not depend solely on investors' ages. What matters most for investors is the total rate of return they realize on their investments and the risk they assume in earning this return. Attention to whether returns arise from capital gains or interest and dividends, rather than the total return, can lead to inefficient allocations of assets, wherein investors accept inadequate returns or earn too little return for the risks they are bearing. Investors, irrespective of age, should hold a mix of stocks, bonds, and short-term assets that achieves the best balance of expected return and risk for their specific needs and tastes.
Nevertheless, modern financial theory recognizes that life-cycle funds might still benefit investors for two important reasons. First, people hold a substantial portion of their wealth in human capital that is generally a low-risk asset whose return is largely uncorrelated with that of stocks. If it were optimal for investors to hold a constant share of their total wealth, inclusive of human capital, in stocks, then they should invest a large portion of their financial assets in stocks when they are young because at that point their financial assets are just a small portion of their total wealth. As they age, and their holdings of stocks eventually reach their optimal share of total assets, then they should begin investing their financial assets in a blend of stocks, bonds, and other securities.
Second, people who anticipate purchasing income from annuities at retirement should consider shifting more of their assets into bonds as they approach retirement. This shift would hedge their risk of facing unfavorable annuity rates should interest rates fall abruptly as they retire. The value of their bonds would rise as interest rates fall, allowing them to purchase a greater volume of annuity income.
Ultimately, an appropriate asset allocation depends on individuals' objectives and the opportunities for achieving those objectives available in financial markets. Much of the appeal of stocks rests on their apparent ability to provide high long-run returns at relatively low risk. This attribute of stocks, emphasized in the personal finance literature (Malkiel 1991; Morrs, Spiegel, and Morris 1998; Quinn 1997) , remains unproven. Not only is it possible for returns to fall below "normal" for long intervals, the "normal" return on stocks also varies substantially over time. Investors' optimal allocations of assets should respond to fundamental changes in the balance between the expected returns and risks offered by equities. Similarly, the relative appeal of stocks can change when new financial assets become available. The recent introduction of Treasury Inflation-Protected Securities (TIPS) allows many investors who otherwise would favor stocks to hedge the risk of rising inflation without having to hold stocks. Although some models of the asset allocation decision incorporate TIPS, they typically do so in ways that bias the results.
The remainder of the paper is organized as follows. In Section Two, we review the previous literature on optimal portfolio allocation over the life-cycle. In Section Three, we first present the results from our basic numerical optimization portfolio allocation model. Section Four presents evidence on the asset allocation of individuals and investment professionals. Section Five concludes.
Previous research
There have been two main approaches to the analysis of asset allocation strategies. The first approach uses historical data to describe the performance of alternative strategies. This approach uses sequences of returns that are random draws from historical data. The performance of portfolios representing each allocation strategy is evaluated for each sequence of returns. Then, the allocations are ranked by the wealth (or utility) they generate over many simulations. The weakness of this approach is that it typically permits consideration of a few pre-determined strategies that may not include the optimal.
The second approach uses dynamic optimization techniques to evaluate the optimal asset allocation over the life cycle. This approach models the evolution of returns from historical data, which in principle allows the samples to diverge much more from previous experience, but in a way that reflects the historical structure asset returns. Shiller (2006) , which exemplifies the first approach, samples thirty-five year periods from historical data, assessing how various widely-advocated strategies for the allocation of assets would have performed over these intervals. Shiller's objective is not to estimate an optimal allocation but to show that life-cycle portfolios might be dominated by simple strategies.
Shiller examines six portfolios: three life-cycle portfolios with different levels of equity exposure (conservative, baseline, and aggressive); and three invariant portfolios (100 percent bonds, 100 percent equities, and 50-50 between stocks and bonds). Shiller finds that the all-stock strategy produces far superior returns over most points of the distribution of outcomes. Moreover, the worst return from an all-stock portfolio exceeded the worst returns from each of the alternatives considered. 2 Shiller repeats the exercise, reducing the average real rate of return on equity to account for the possibility that the return on equity in the future might be less than that achieved in the past. The results are generally the same: the all-stock portfolio beating all other strategies even at the 10 th percentile. Shiller's objective, however, is not to estimate an optimal allocation but to highlight that life-cycle portfolios might be dominated by simple strategies. allocation, and they ignore the effects of management fees. Cocco et al. (2005) exemplify the second approach, using a dynamic optimization approach to Monte-Carlo simulations using models of assets' returns. They account for non-tradable labor income and borrowing constraints, and they use numerical optimization to solve the asset allocation problem. Cocco et al. find that the presence of labor income increases the allocation of financial assets to stocks early in life.
2 Although every point on the probability distribution of the outcomes of a 100 percent equities strategy exceeds the corresponding point for other strategies, without specifying the household's preferences, we can only be sure that an all stock strategy is preferred to other strategies if the former pays more than the later in each and every state of the world and it exhibits first order stochastic dominance. 3 It is not clear whether Poterba et al. (2006) assumed that stock and bond returns were correlated.
Historical versus simulated returns
For investors with long time horizons, investing in stocks has been a winning strategy. The superiority of stocks is confirmed by historical averages. The average real rate of return between 1871 and 2004 was 6.8 percent for stocks and 2.7 percent for bonds. Shiller (2006) finds that there in an extremely high probability that an all-stock allocation will yield a higher return than allocations that include bonds. But, Shiller's analysis, which considers only fixed allocations of assets, does not derive an optimal strategy for allocating assets, especially one that allows allocations to change over time.
We extend Shiller's analysis to derive the optimal investment strategy for an individual from age 30 to age 64, a 35-year interval. We use his data for the historical returns on stocks and bonds and estimate the optimal allocation by backward induction.
At age 64, the individual chooses the optimal allocation of assets for the final year of his investment interval by considering the various combinations returns on stocks and bonds that might occur over one year. Stepping backward, to age 63, the individual next selects the optimal allocation for the first year of the two remaining years of his investment interval, given the optimal allocation for the second year that was selected in the first step. The individual continues this optimization process until age 31.
According to this approach for optimizing returns, if people wish simply to maximize their expected wealth at age 65, their optimal life-cycle allocation of assets includes only stocks (the top line in Figure 2 A simple extension of the model assumes that individuals maximize the ratio of the expected return on their assets to the standard deviation of this return. Using backward induction on all of the possible sequences available from historical data, we estimate the individual's optimal allocation of assets over his investment horizon, assuming at each step that he chooses the portfolio that maximizes his ratio of expected return to risk (the middle line in Figure 2 ). The exposure to stocks peaks at about 75 percent at age 40 and declines to 35 percent at age 64. This optimal allocationcalculated using past sequences of returns -reinforces the appeal of life-cycle portfolios. Because these sequences overlap to a substantial extent, they are not independent events.
The sequences also will omit feasible adverse events that are so rare that they have yet to appear in the data, but which a prudent household might wish to take into account in its Second, the nature of the stock market has changed enormously over the past 135
years. In the late nineteenth century, it was dominated by railroads and utilities, and during much of the twentieth century the characteristics of capital market instruments continued to evolve. It is not clear how much can be inferred about the optimal allocation of household wealth in the twenty-first century from the performance of investments in the nineteenth and early twentieth century.
Third, the conduct of macroeconomic policy may have improved so that we are unlikely to experience a repetition of the Great Depression, which favored the performance of bonds relative to stocks, or the substantial inflation of the 1970s, which harmed bonds more than stocks.
And fourth, economic conditions in the future can differ significantly from those in the past, thereby altering the fundamental returns investors might expect from various assets. In particular, the equity premium in the future will likely differ from that observed in the past. It is not for nothing that financial institutions warn that "past returns are no guide to future performance."
To address these issues, we simulate 10,000 paths of returns based on the historical means and standard deviations of the returns for stocks and long-term bonds.
Individuals are assumed to maximize the ratio of expected returns to risk in their portfolios. Using backward induction on all of the possible sequences available from this simulated data, we estimate an optimal portfolio allocation (the bottom line in Figure 2 ).
The resulting optimal allocation is flat at about 35 percent in stocks -nearly the same value as the age 64 allocation of the simulation that uses past sequences of returns (the last point of the middle line in Figure 2 ). The intuition behind the constant allocation throughout the life-cycle is that the optimal level of equity exposure for a one-year period should not be less than the exposure for a multi-year period when the distribution of returns are identical and independent from year to year. Assuming that bond and stock prices do not exhibit mean reversion, an allocation that is not optimal for a one-year horizon can not be optimal in a repeated sequence of years (Samuelson 1968; Merton 1969 ).
In summary, stocks have outperformed bonds over the last 135 years. An ex-post analysis shows that investing 100 percent in stocks would have produced the highest returns. If individuals care about risk, however, an ex-post analysis also suggests a strategy which gradually shifts assets from stocks to bonds with age would have generated the highest ratio of expected returns to risk. Therefore, we find justification for the life-cycle funds on an ex-post basis. But it is likely that the future sequence of returns do not resemble past sequences. Simulations of future returns suggest that the optimal allocation should not change over time. These results, however, are limited because they examine the allocation of financial assets without taking investors' labor income and willingness to bear risk into consideration.
Introducing Expected Utility and Earnings
In this section, we will extend the analysis by introducing a utility function that accounts for the individual's taste for bearing risk. We also analyze the role of human capital (in the form of earnings). These models of optimal portfolio allocation are not usually analytically tractable and must be solved numerically. This is computationally intensive, and often necessitates simplifying assumptions. Our approach begins with models that incorporate the common assumptions about the distribution of assets returns and about the choice of assets that appear in the existing literature. We assume individuals start saving for retirement at age 30 and retire at age 65. Their goal is to maximize the expected utility of their retirement wealth. (See Appendix I for more details).
Baseline model. Our baseline model assumes that the household allocates its financial assets between stocks and long-term bonds. The mean and standard deviation of the real stock return is assumed to be 6.8 and 17 percent respectively; comparable figures for the real return on long-term bonds are 2.7 and 7.0 percent. We explicitly include a covariance between bond and stock returns, 0.26 percent, which matches the average over this period. Our approach searches over all possible allocations to find the optimal portfolio. We assume constant relative risk aversion, with coefficients of risk aversion of three, four, and five, to illustrate the effects of variation in taste for risk. Figure 3 shows the results for the baseline model. This model assumes that individuals earn no wages between age 30 and age 65. Instead, they are given a fixed amount of cash at age 30 which they decide how to allocate between stocks and bonds.
The individual decides how to allocate her portfolio between stocks and bonds. Under this baseline model, the optimal portfolios vary little over the life-cycle -between 35
and 55 percent of assets are allocated to stock, depending on the risk tolerance of the individual. These results are consistent with the flat bottom line of Figure 2 -the optimal allocation for a one-year horizon is also optimal in a multi-year horizon -and suggest that a constant allocation to equity is preferable to life-cycle funds. Introducing Non-tradable Human Capital. The preceding simulations assume that individuals have no earnings. We introduce exogenous earnings using careerearnings profiles from the Office of the Actuary of the Social Security Administration (Clingman and Nichols 2004) . 4 This earning profile peaks at age 51 (in real terms). We assume that the individual saves 10 percent of his earnings each period. 5 We also assume that individuals cannot borrow against their earnings -without this assumption, the optimal allocation would be similar to the one under no earnings.
With earnings, individuals allocate a substantial share of their assets to equity when they are young, their optimal allocation declines as they age (Figure 4). Individuals with a coefficient of risk aversion of 4, for example, at age 30 hold about 65 percent of their retirement assets in equities; by age 40, they hold 50 percent in equities; and by age 64, they hold only about 45 percent in equities. The intuition behind declining exposure to equity over the life cycle is that earnings resemble their returns on bonds. Since human capital generates returns similar to those of bonds, it makes sense for young individuals to increase their allocation to stocks. As the value of their human capital 4 Scaled factors determine the shape of the hypothetical wage profiles. To obtain these factors, Social Security uses a sample of workers with some OSADI taxable earnings during their lifetime, and restricts the analysis to those who are fully insured. Out of this sample, SSA focuses on the most recent 10 years of earnings, including years of zero earnings. To compute the scaled factors, SSA divides earnings for each individual by the Average Wage Index (AWI) for every year, and then groups the ratios by age. The resulting factor for the age group is the average of the individual observations. This methodology produces the age-specific raw scaled factors, which turn out to be less than 1 for each age and peak at age 48 (0.944). The next step is to adjust the raw scaled factors to make them consistent with the Average Indexed Monthly Earnings (AIME) derived for low, median, and high earners based on the steady earnings profiles used before 2001. (As a note, SSA moderates the scale factors for ages 62-64 because the original numbers showed a sharp rise at that age; instead it holds earnings constant in nominal terms from age 62 on.) The third step is to apply the modified scale factors to the AWI in each year to derive scaled earnings. The first set of published scaled factors used earnings data from 1988-97, but these factors are updated annually using the ten most recent years of data. 5 The optimal allocations of financial wealth at the age the household commenced saving and at retirement do not depend on the age profile of earnings. But households with increasing earnings would save less when young and invest a greater proportion of those savings in stocks.
depletes with age, individuals should shift their financial assets from stocks toward bonds. Introducing labor market uncertainty. The above simulations assume that the individual has no labor market uncertainty. In practice, individuals experience employment shocks, the effects of which can be quite persistent. The degree of correlation between these shocks and the returns on stocks and bonds will vary from individual to individual. At retirement, human capital is exhausted, and for any given proportion of financial to total wealth, the optimal allocation of financial wealth will depend solely on the means, variances, and covariances of stock and bond returns and the household's degree of risk-aversion. Prior to retirement, individuals with risky human capital will invest a smaller proportion of financial wealth in stocks than those with riskfree human capital. In the extreme, individuals whose human capital is as risky as stocks would invest very little of their financial assets in stocks when they are young and increase the proportion of financial wealth invested in stocks as they age and the value of their human capital declines.
We consider a simple model that describes labor market uncertainty. In particular, we ignore the possibility that households might save for precautionary reasons and might wish to hold such savings in a relatively liquid form. 6 We assume that earnings follow the same hump-shaped earnings profile, but each year these earnings deviate from the profile by a percent determined by stock market returns. There has been a great deal of scholarship exploring the correlation between labor income and stock returns and attempting to quantify its importance. Cocco et al (2005) examined the correlation between permanent and transitory labor income shocks and stock returns for workers with different education levels. Heaton and Lucas (2000) Decreased equity returns. Many economists believe that there has recently been a narrowing of the equity and, to a lesser extent, the bond risk premiums. Shiller (2006) reports a survey of the expectations of professional economists. The mean expected equity and bond returns over the 44 years from 2005 are 4.6 and 2.9 percent respectively. 8 We repeat our analysis assuming the same standard deviation as before, but incorporating these lower expected returns. As might be expected, the gains from holding an all-equity portfolio diminish, but the shape of the optimal allocation remains (see Figure 6 ). Mean Reversion. Despite considerable research, the question of whether bond and stock returns exhibit mean reversion remains controversial. Under the commonly used assumption that stock and bond returns are i.i.d., the optimal investment allocation does not vary with time horizon. While it is true that the probability of a stock outperforming a bond portfolio increases with the holding period, this is precisely offset by the increased probability of obtaining exceptionally poor returns.
But the optimal allocation may vary with time horizon if stock and bond returns exhibit mean reversion. But as Campbell and Viceira (2002) point out, if stocks exhibit mean reversion, future stock returns will, to some extent, be forecastable, and optimal investment allocation will also depend on whether stocks are cheap or expensive relative to their long run average. But it will also depend on the attractiveness of bonds, which in turn will depend on the current and anticipated term structure of nominal and real interest rates. As far as we are aware, no life-cycle fund explicitly claims to adjust portfolio allocations on the basis of both age and anticipated excess returns.
The Role of Fees. The simulations above generally support the use of target retirement date funds once human capital is taken into account. These funds, however, might come with a high price tag for individuals. Table 1 shows the expense ratio associated with popular life-cycle funds. These expenses are sometimes considerably higher than the expenses of index funds which can be as low as 10 basis points. The exception is Vanguard with an expense ratio of only 20 basis points. The question is whether life-cycle fund strategies are optimal after accounting for these fees. To examine this question, we estimate the expense ratio that would make individuals indifferent -in terms of utility -between following a flat asset allocation strategy ( Figure 3 ) and following a declining equity exposure strategy (Figure 4) . The results are shown in Figure 7 . The message is that the possible gains from using a lifecycle portfolio can be easily offset by increases in expense ratio. The simulations suggest that if life-cycle funds increase the expense ratios paid by individuals by more than 20 basis points, individuals would be better off following a flat equity allocation throughout their life. suggest that an increase in fees of more than 20 basis point could wipe out the potential gains these funds relative to a portfolio that maintain a constant equity allocation over the life-cycle.
Asset Allocation of Individuals and Investment Professionals
In this section, we analyze whether individuals and investment professionals are 1957-1959 1954-1956 1951-1953 1948-1950 1945-1947 1942-1944 1939-1941 Source: Authors' calculations.
In sum, the evidence from the SCF suggests that households are, at best, following a relatively flat asset allocation over the life cycle. Analysis of data on households is limited because it is nearly impossible to separate year and cohort effects from the analysis without making further assumptions.
Evidence from Investment Professionals. We examine whether the asset allocation of pension funds depend on the age profile of the pension beneficiaries. The notion is that pension plans, in some ways, face the same optimization problem that individuals face when financing their retirement accounts: plan sponsors make periodic contributions to an investment portfolio intended to fund future benefits. Data on asset allocation of pension plans have two advantages over household survey data. First, the asset allocation decision in pension funds is generally made by investment managers who are likely to be more financially savvy than individuals. Understanding how investment professionals invest their assets over the life of the pension plan serves as a guide for how individuals ought to allocate their assets in their retirement accounts over their working life. The second advantage is technical. Data on pension plans does not have the limitations imposed by the cohort and year effects in household survey data.
We use data on pension plans from filings of the Form 5500 between 1989 and 2004. 9 We limit the analysis to private defined benefit plans with more than 100 participants. For the age of the plan, we use the ratio of retirees to total participants -a young plan should have a low ratio; an old plan should have a high ratio. Figure 10 shows the average percent of stocks held in these pension funds during the period 1989- It is possible, however, that the increase in exposure to equities was more of response to secular trends than a strategic move in response to the aging of the plan.
Since 1980, shifts in the investment strategies of institutional and individual investors have principally reflected changing opportunities in capital markets. Between 1982 and 1994, the yield on US Treasury notes fell from just over 14 percent to 6 percent. During this interval mutual funds and closed-end funds invested heavily in bonds. Mutual funds'
share of total assets held in bonds rose from 30 percent to 60 percent; closed-end funds'
share rose from 40 percent to nearly 80 percent. At the same time, the allocation of assets to bonds remained near 35 percent for both defined-benefit and defined-contribution pension plans. After 1994, bonds became less appealing as the trend toward lower interest rates broke, and the yield on Treasury notes largely varied between 4 percent and 6 percent. At the same time, the strong growth of corporate profits made equities more appealing. Bonds' share of assets in mutual funds and closed-end funds fell substantially to 30 percent and 20 percent respectively. For defined-benefit and defined-contribution pension plans, bonds' share fell below 20 percent.
In order to separate these secular trends from the aging of the plan, we run a fixed-effect regression with the percent of assets in stocks as the dependent variable. We use year dummies to control for the aggregate trends. The fixed-effect specification controls for any firm specific characteristic -such as industry or taste for risk. For the age of the plan, we use dummy variables based on the ratio of retirees to total participants. Figure 10 shows the coefficients of the age of the plan dummies from this regression (the full results are reported in Appendix II). The coefficients suggest a declining proportion of the portfolio as the ratio of retirees to total participants increase.
All of the coefficients are statistically significant. The pace of the reduction, however, seems too slow relative to the simulations. For example, the coefficients imply that a young plan with ratio of only 10-20 percent of retirees to total participants should have an additional 3 percentage points of their portfolio in stocks relative to an old plan with a retirees to participant ratio of nearly 100 percent. Source: Authors' calculations. Note: The dummy for a ratio of retirees to participant equal to less than 10 is the omitted variable.
In sum, the evidence does not seem to suggest a strong decline in the portfolio exposure to stocks over the life cycle. For individuals, evidence from the SCF suggests, at best, a small decline over the life cycle. Data from pension plans suggests that the shift away from stocks over the life of pension plans is much less marked than a typical lifecycle fund -or the simulations -would suggest.
Conclusion
Life-cycle funds offer an intuitive approach to retirement investing. Households that are younger have many years to withstand market volatility, so you can benefit from investing with a higher allocation to stocks. In retirement, households should mix assets so that they have a tilt towards income. Despite their intuitive appeal, the empirical and theoretical support for life-cycle funds is mixed. Ultimately, an appropriate asset allocation depends on individuals' objectives and the opportunities for achieving those objectives available in financial markets.
There are two approaches to evaluating optimal asset allocation. The first uses historical data to describe the performance of alternative strategies. The second uses dynamic optimization techniques to evaluate the optimal asset allocation over the life cycle. According to the first approach for optimizing returns, if people wish simply to maximize their expected wealth at age 65, their optimal life-cycle allocation of assets will consist only of stocks (the top line in Figure 2 ). Individuals, however, typically consider the risk of their investments as well as their expected returns when they allocate their assets. By allocating all their assets to stocks, investors bear considerably more risk than they would by holding a mix of stocks and bonds. Dynamic optimization allows risk to be considered in the optimal allocation decision.
There are dangers in using historical data to understand allocation optimization. It must be noted that returns in the future will not necessarily resemble those of the past.
The nature of the stock market has changed enormously. In the late nineteenth century, it was dominated by railroads and utilities, and during much of the twentieth century the characteristics of capital market instruments continued to evolve. Also, the conduct of macroeconomic policy may have improved so that we are unlikely to experience a repetition of the Great Depression, which favored the performance of bonds relative to stocks, or the substantial inflation of the 1970s, which harmed bonds more than stocks.
In our modeling, we extend the analysis by introducing a utility function that accounts for the individual's taste for bearing risk. We also analyze the role of human capital (in the form of earnings). Our baseline model assumed that the household allocates its financial assets between stocks and long-term bonds. Under this baseline model, the optimal portfolios vary little over the life cycle -between 35 and 55 percent of assets are allocated to stock, depending on the risk tolerance of the individual ( Figure   3 ). We introduce exogenous earnings using career-earnings profiles. With earnings, individuals allocate a substantial share of their assets to equity when they are young, their optimal allocation declines as they age (Figure 4 ). The simulations generally support the use of target retirement date funds once human capital is taken into account. Investment fees, however, could potentially erode any increased asset levels that life-cycle funds create.
By using the SCF, we were able to analyze whether individuals and investment professionals are following the asset allocation patters suggested by life-cycle funds. The evidence from the SCF suggests that households are, at best, following a relatively flat asset allocation over the life cycle while investment professionals managing DB plans invested a larger part of their portfolio in stocks -contrary to the life-cycle funds prescription. It is possible, however, that the increase in exposure to equities was more of response to secular trends than a strategic move in response to the aging of the plan. In sum, the evidence does not seem to suggest a strong decline in the portfolio exposure to stocks over the life cycle.
Appendix I
The Model. The optimal asset allocation algorithm begins with several assumptions. There are i adult individuals each investing over the course of a course of time of length T. Also, these investors are risk averse. For simplicity T is assumed to be exogenous and deterministic. We assume that there are two assets, stocks and bonds, which have normally distributed real returns around historical means. The earnings profile follows lifetime career-earning profiles from the Office of the Actuary of the Social Security Administration (Clingman and Nichols 2004). denote total assets-on-hand for period t as X it = W it + Y it . The next period's wealth is denoted as:
where R P i,t +1 is the total return on the portfolio for period t+1:
We assume that the individual is unable to borrow against future earnings and allocations to stock are non-negative (short-sales of equities is not allowed). The problem the investor faces is to maximize expected utility subject to the constraints and assumptions listed above. The control variables are { T it } t =1 and the state variables are {t,
where v it is an i.i.d. temporary shock that determines stock and bond returns. The expected future value of utility is discounted at a rate of for each period.
The Bellman equation used to solve this problem is:
where,
This problem cannot be solved analytically. Therefore the policy functions are derived numerically using backwards induction. The policy functions of the last period are trivial (the investor consumes all wealth) and the value function corresponds to the utility function. We can substitute value functions into the Bellman equation and calculate allocation choices for the previous period. We optimize by interpolating to a discrete space grid for the continuous state variable X it . Given the allocation choices, we can obtain the value functions and this process is iterated back until we reach time t=1.
The returns on the two assets were approximated following Tauchen and Hussey (1991) using Gaussian quadrature methods. The possible values fell within four standard deviations centered at historical mean returns for stocks and bonds. In order to avoid numerical convergence, we optimized over the space of the decision variables using a simple grid search. The sets of admissible values for the decision variable (portfolio allocation), was discredited using equally spaced grids and intervals of 2.5 percent. The state-space was also discredited. Because the range between the smallest and largest possible asset values for a period became extremely large (and also highly improbable), we were forced to distribute the discredited asset values for the grid in a more plausible fashion
11
. Because of the assumption that savings is non-negative, the lower-bound on the asset level grid is strictly positive. During backwards induction, in order to evaluate the value function for asset values that do lie in the grid of discrete values, we used a nearest neighbor interpolation in the log of the state variable to find values within the grid.
Using optimal allocation choices for each asset level at period t, we ran 1000 simulations in order to find a median allocation decision, asset level and utility at each period. In addition to changing the level of relative risk aversion, we investigated whether 11 We ran 1000 portfolio trials to find a more accurate distribution of the asset levels reached in each period. Grid points were equally spaced according to the following measures: 10 percent equally spaced between the minimum asset level and the 10 th percentile, 15 percent equally spaced between the 10 th and 25 th percentiles, 50 percent equally spaced between the 25 th and 75 th percentiles, 15 percent equally spaced between the 75 th and 90 th percentiles, and 10 percent equally spaced between the 90 th percentiles and the maximum asset level. the earnings prescribed by the wage profile were positively correlated, negatively correlate, or uncorrelated affected the allocation choices of the investor. 
Appendix II

Fixed-Effects Regression Results
